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Flame-based synthesis of nanoparticles is an important chemical process used for the manufacturing of metal oxide par-
ticles. In this aerosol process, nanoparticle precursors are injected into a high-temperature flame that causes precursor oxi-
dation, nucleation, and subsequent growth of solid particles through a variety of processes. To aid computational design of
the aerosol process, a large-eddy simulation (LES) based computational framework is developed here. A flamelet-based
model is used to describe both combustion and precursor oxidation. The solid phase nanoparticle evolution is described
using a bivariate number density function (NDF) approach. The high-dimensional NDF transport equation is solved using a
novel conditional quadrature method of moments (COMOM) approach. Particle phase processes such as collision-based
aggregation, and temperature-induced sintering are included in this description. This LES framework is used to study an
experimental methanelair flame that used titanium tetrachloride to generate titania particles. The simulation results show
that the evolution process of titania nanoparticles is largely determined by the competition between particle aggregation and
sintering at downstream locations in the reactor. It is shown that the bivariate description improves the prediction of particle
size characteristics, although the large uncertainty in inflow and operating conditions prevent a full scale validation. © 2013
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Introduction

Flame-based synthesis of nanoparticles, in particular metal
oxides such as titania, is an important commercial process.'?
In this process, nanoparticle precursors are injected into a pre-
existing flame, where gas-phase oxidation of the precursor
leads to nucleation and subsequent particle evolution. A vari-
ety of multiscale processes including agglomeration, surface
growth, and sintering occur in a background of turbulent gas-
phase combustion. A comprehensive mathematical description
of flame synthesis will significantly aid the design and optimi-
zation of the chemical process. The focus of this work is the
development of a novel large-eddy simulation (LES) based
computational tool that couples detailed models for evolving
gas-phase combustion and the nanoparticle population.

Numerical simulations of flame synthesis require models
for four different components: (1) the background turbulent
flow, (2) gas-phase combustion, (3) gas-phase precursor evo-
lution, and (4) nanoparticle population evolution. Moreover,
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the interaction of these processes must be successfully
described. Due to the inherent complexities of each of these
components, developing a comprehensive model has been a
formidable challenge. Prior numerical studies have predomi-
nantly relied on the use of the Reynolds-averaged Navier
Stokes (RANS) formulation for describing the turbulent
flow,>™ along with a one-step global mechanism for both
gas-phase combustion and precursor oxidation. The nanopar-
ticle evolution is described by a population balance equation
(PBE), which tracks the evolution of the number density
function (NDF) as a function of a fixed number of internal
coordinates (e.g., volume and surface area). In the simplest
model formulation, a monodisperse population is assumed,
in which case transport equations for particle number den-
sity, volume, and surface area are evolved.>* Yu et al.> used
a volume-based univariate NDF description in the RANS-
based formulation to simulate titania formation.

While these studies clearly show that computational mod-
els are valuable in understanding flame synthesis, the inher-
ent modeling assumptions vastly limit the predictive
capability of the computational tools. In the RANS approach,
the entire turbulent flow phenomenon including the large-
scale stirring that controls both gas-phase combustion and
precursor oxidation is explicitly modeled. Consequently,
RANS solutions are highly sensitive to the coefficients that

February 2014 Vol. 60, No. 2 459



appear in the underlying models. Akroyd et al.® developed a
joint-composition probability density function (PDF) based
description of particle formation in the context of the RANS
methodology. Direct numerical simulations’ provide the
most comprehensive description of the gas-phase turbulent
flow, but are computationally prohibitive for practical flows
of interest. In the recent past, LES has emerged as an attrac-
tive tool that is ideally suited for simulating flames that lie
in the so-called flamelet limit.®'! In LES, the large-scale
mixing process is directly simulated while the small-scale
physical processes are modeled. Although combustion and
precursor oxidation occur exclusively at the small scales,
where molecular mixing precedes chemical reactions, LES
captures large-scale mixing accurately and provides better
input to the small-scale models. Consequently, combustion
models developed in the RANS context have been shown to
provide very high predictive accuracy when used in the LES
framework.*!!

The use of global chemical kinetics also limits the predictive
capability of the computational tool. Because precursor oxida-
tion is primarily controlled by flame temperature, and global
mechanisms are adequate for capturing the heat release, these
simplified rates have been commonly used. However, to design
novel chemical processes, it is important that the underlying
processes are comprehensively described. For instance, high-
Reynolds-number flames that could support larger throughput
of nanoparticles are also prone to local extinction phenomena.
Such nonlinear effects cannot be captured using one-step
mechanisms. Kraft and coworkers'? have developed a detailed
chemical mechanism for precursor oxidation, which shows
that the different component reactions exhibit a wide range of
time scales. Consequently, the nanoparticle yield measured in
terms of precursor oxidation efficiency could vary significantly
based on the flow configuration. Computational tools should
therefore incorporate such detailed chemical mechanisms for
the description of the gas-phase kinetics. Recently, Mehta
etal.”? compared the detailed Ti oxidation with the global one-
step mechanism in experimental flames. They found that
detailed Ti oxidation chemistry is more accurate in predicting
the particle evolution profiles when compared to experimental
results. Their results also point to the need of exploring
detailed mechanism with advanced computational methods to
observe the effects of turbulence on the aerosol nucleation
process.

The description of the nanoparticle population represents
another modeling challenge. The use of univariate or mono-
disperse population assumptions severely restricts the physi-
cal processes that could be incorporated. For instance, use of
a volume-based population description does not allow sinter-
ing processes to be included. The use of multivariate
descriptions, and in particular the use of volume and surface
area as internal coordinates, will significantly broaden the
scope of nanoparticle modeling. In this regard, Kim et al.'*
used a bivariate population description for silica formation in
a laminar flow reactor. Extension of the multivariate descrip-
tion to turbulent flow systems will provide an important step
toward predicting particle characteristics.

Recently, Sung et al.'> and Mehta and coworkers'® have
proposed a LES-based modeling framework for turbulent
flame synthesis of nanoparticles. In these studies, detailed
chemical kinetic models for both gas-phase combustion and
precursor oxidation were used. The use of the LES approach
also enables the capture of the turbulent flame dynamics.
However, the nanoparticle evolution was modeled using a

460 DOI 10.1002/aic

Published on behalf of the AIChE

univariate description that did not allow sintering and other
surface processes to be included. In high-temperature
flames, modification of surface area through the sintering
process becomes critically important.3 In this work, the LES
framework is extended to a multivariate population balance
description, along with detailed models for gas-phase
kinetics and the turbulent flow processes. The conditional
quadrature method of moments (CQMOM)'" is used to
solve the two-dimensional (2-D) PBE along with the LES
governing equations. The applicability of this computational
tool is demonstrated for a titania synthesis experiment based
on a methane-air flame with titanium chloride as the
precursor.

Modeling Approach

The focus of this work is the modeling of titania particle
synthesis using titanium chloride as the precursor in a
methane-air flame. The LES-based modeling framework con-
sists of four components: (1) the gas-phase turbulent flow
described using the filtered Navier-Stokes equations, (2) gas-
phase kinetics for both fuel combustion and precursor oxida-
tion described using the flamelet approach,15 (3) nanoparticle
nucleation model based on the flamelet description,15 and (4)
the CQMOM-based volume-surface area description of the
nanoparticle population. Later, the individual components
are described in detail.

LES governing equations

In LES of chemically reactive flows, the flow field is
decomposed into resolved and subfilter parts using density-
weighted filtering operation called Favre filtering. For an
arbitrary variable Q, the filtering operation is defined as

+00
0= | poxNG(x-y)ax, 1)
PJ-co
where Q is the Favre-filtered variable, p is the filtered den-
sity field corresponding to the density field p. Note that ~
refers to density-weighted Favre-filtering, while = refers to
nondensity weighted filtering. G is the filtering kernel that
removes high-frequency components from the flow field. The
filtering operation is applied to the continuity and momen-
tum equations to produce the filtered governing equations:
% Opit; _

ooy O @

and
opi; | Opiiy__ 9P 0%y 0Ty
ot 8xj ox; 8xj an

3)

where 7; is the viscous stress tensor based on the filtered
variables and p is the modified filtered pressure, given by

651,— 85{, =
Ti=T( — + =2 | =2muS; 4
Ty “<8x_,- ax,-> IS jj “
with S ;j being the strain-rate tensor, and
— 2 Ouy
p=P+ =T ——0;. 5
p K B O Q)]

Note that the isotropic part of the strain-rate tensor is com-
bined into the pressure term. Tj; is the subfilter stresses and
defined as follows:
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Ty=—p(wu;— u;i;). (6)

This term contains the correlations between the velocity
component at the small scales, which has to be explicitly
modeled in LES. Here, the Smagorinsky model'®' is used
to close this term:

1 .
Ty=3 Tie0i=2p4,Sj, @)

where g, is the turbulent eddy viscosity defined as'®

w=pCA°S or v=p,/p=CA\°S, ®)

where S=1/5;S,; is the magnitude of the rate-of-strain ten-

sor and A is the characteristic filter size. The coefficient C,
is determined using a dynamic procedure,”®*' which locally
adjusts the coefficient based on the LES solution at each
time step.

Detailed gas-phase kinetics

Detailed chemistry mechanisms for both gas-phase com-
bustion®* and precursor oxidation'? are available. However,
to use these mechanisms in LES, filtered scalar transport
equations have to be solved for the species that appear in the
mechanisms. The combined combustion/precursor oxidation
mechanism'>'® consists of 76 species and 348 reactions.
Because LES is computationally expensive, solving a trans-
port equation for each species will prohibitively increase the
cost of the simulations. More importantly, these transport
equations contain the filtered chemical source term. As
chemical reactions occur exclusively at the small scales, the
filtered source term cannot be accurately reproduced using
the filtered species values. To overcome these limitations, a
conserved-scalar approach based flamelet model'> is used
here. Here, detailed chemical mechanism is included but by
using a mapping assumption, the transport equation for the
conserved scalar alone is solved in LES.

In the steady laminar-flamelet model, the gas-phase ther-
mochemical composition is represented in terms of a con-
served scalar:

I TY=F(Z, 1), )

where y; is the species mass fraction for n-species descrip-
tion, T is the temperature, Z is the mixture fraction, and
7=2D(0Z/dx;)* is the dissipation rate of mixture fraction
with D being the diffusivity of the mixture. F refers to the
flamelet mapping that takes in the input variables to provide
the gas-phase composition. This mapping function is
obtained by solving a simple nonpremixed flow configuration
such as a counter-flow diffusion flame.?* In LES, the filtered
chemical compositions and temperature are required. For this
purpose, the mapping function is modified as follows:

$=6(Z,27,%), (10)

¢:{y17y27 e

where Z"? is the subfilter variance of mixture fraction, and G
denotes the modified mapping function, which is based on
the convolution of F with a subfilter PDF that is parameter-
ized _using the input variables.”** The input variables
(Z,7"%,7) will be solved along with the LES governing
equations. The transport equation for the filtered mixture
fraction is given by

AIChE Journal February 2014 Vol. 60, No. 2

Published on behalf of the AIChE

opZ OpiZ 0 (_,~ 07
il = +D,) =

where D is the molecular diffusivity corresponding to the
gas phase mixture, and D, is turbulent diffusivity of the mix-
ture fraction that is determined using a similar dynamic pro-
cedure®' used for the turbulent viscosity (Eq. 8). Algebraic
models are used to obtain the mixture-fraction variance and

dissipation rate:2%%’
—~ o7 07
72=CyA* | == 12
Y (395./ 5)6./) (12
and
- dZ 7
y=2(D+D,)| —— 1
X ( t) (8Xj an) ’ ( 3)

where Cy is a model coefficient that is obtained dynamically®®
and A is the filter size. The flamelet-based thermochemical
state is precomputed using the FlameMaster code®® for a one-
dimensional (1-D) counter diffusion flame configuration. The
boundary conditions used for this 1-D system are based on the
inflow conditions of the experimental flame configuration® to
be simulated here. The precomputed flamelet solutions are
stored in a stand-alone look-up table format which is used
later for LES computation to determine the filtered thermo-
chemical state as well as the filtered density, molecular vis-
cosity, and molecular diffusivity of the gas mixture.

Although, the flamelet model significantly reduces the
computational expense, it is not fully suited for modeling
precursor oxidation leading to nucleation. In general, the
gas-phase combustion processes are reversible in nature lead-
ing to an equilibrium solution. Conversely, particle nuclea-
tion irreversibly removes material from the gas phase and
adds it to the particle phase. As the flamelet look-up tables
are made a priori, the information about the local nucleation
processes cannot be incorporated into the flamelet computa-
tion. In order to overcome this problem, Sung et al.' pro-
posed a global transport equation model for nucleation. The
flamelet tables are constructed using the full chemical
kinetics model for combustion and precursor oxidation. In
addition, a separate global transport equation for the precur-
sor mass fraction (TiCly in this work) is evolved as follows:

9p5, Opi Y AN
Py Py _ O <ﬁ(D+D,) %) +5,. (14

ot 8Xj 6Xj

]

The precursor consumption rate is determined by the source
term (.§p), which is obtained based on the species composi-
tions in the flamelet look-up table as follows. In order to limit
the source term based on the local availability of precursor,
the following source term expression is formulated:

S,=—min (Z[miwﬂm /At [TiCl4|Wric, /At), (15)

1

where Zi[Ti} ; is the concentration of Ti that is obtained by
summing up the molar concentrations of all Ti-containing
chemical species except TiCly precursor in the flamelet data-
base. Wrjci, is the molecular weight of TiCl,. The precursor
concentration ([TiCly]) is obtained from the transport equa-
tion (Eq. 14) using

[TiCl4]=py,/Wrici, (mol/m?). (16)
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The nucleation rate is determined in a similar manner to
ensure that the titania particle concentration is limited by the
TiCly concentration, but noting that the nuclei are made of
five titania molecules:'®

J= %min (ITiO 2]Nay /At, [TiCl 4]Nay /AL), (17)

where N,, is the Avogadro constant, and [TiO;] is the molar
concentration of titania from the flamelet database. Az refers to
the LES time step, and appears in these expressions to ensure
that the consumption is not greater than the local Ti availabil-
ity. The earlier expression specifies that the true nucleation
rate is bounded by the flamelet-based nucleation rate.

Bivariate modeling of nanoparticle population balance
using COMOM

In terms of end use, important particle characteristics such
as adsorption and solubility are heavily dependent on the

on(v,a)
ot

morphology and structure of the final particles. Although
particle size is one of the key parameters to be sought, size
alone is not sufficient to describe the complicated particu-
late morphology and structure. Description of these impor-
tant characteristics requires additional information such as
particle surface area. In the NDF context, this additional
information is introduced as a new internal coordinate. For
a one-point, one-time distribution, a multivariate density
function with N internal coordinates ({y,{,...{y) is
expressed as

n=n({y, L, ...0ux,1). (18)

In this study, we consider a bivariate NDF n=n(v,a) with
particle volume as the first coordinate ({;=v) and particle
surface area as the second coordinate ({,=a).

Considering a NDF with the two internal coordinates and
nucleation, aggregation, and sintering processes, the PBE
becomes

+V - (un(v,a)) = V- (I'(yv,®)Vn(v,a)) +J(D®)f (vo,ao, €1, €2)

(Convection) (Particle diffusion)

(Rate change)

d [V
+J J ﬁ(v—v',v’,a—a’,a')n(v—v',a—a')n(v’,a’)dv'a’a'—J
0Jo

o0 OO

0

(Nucelation)

Bv,v,a,dYn(v,a)n(v',d )dv'dd + %(Sa(v,a, ®)n(v,a)),

(Aggregation-birth)

where the particle diffusivity I' is modeled as given in Eq.
23 below, which accounts for Knudsen number effect. How-
ever, in the LES formulation used here, the subfilter turbu-
lent flux, resulting from the filtered convection term in Eq.
19, will be far more dominant compared to the diffusion pro-
cess. Consequently, this term is expected to have minimal
impact on the evolution of the NDF.

f(vo,a0,€1,€) is a 2-D uniform distribution function for
particle formation that is used to describe the nucleated par-
ticle distribution.

f(vo, a0, €1,6)=
vhap((1+e) ™ (1)) (1+e)* P - (1-6)* V)
251(k+l)(1+1)((1+€2)2/3_(1_€2)2/3) .

(20)

€1=0.3 and ¢;=0.2 are used in this study, meaning that par-
ticle nuclei with volume v € [vo(1—€;),vo(1+¢€;)] and area
a € [ap(1—€),a0(1+€)] are formed with equal possibility.
Here, ag and v, are computed based on a nucleated particle
diameter of 0.682 nm. J, 5, and S, are the rates of nuclea-
tion, aggregation, and sintering, respectively. In this work,
the surface growth terms are not included. This is mainly
due to the use of the flamelet-based gas phase chemistry
description. The laminar flamelet model, as currently used,
cannot account for the population-based surface growth
process due to the nonlocality of this interaction. In other
words, the particle population cannot be uniquely
expressed in terms of mixture fraction and scalar dissipa-
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(Aggregation-death) (Sintering)

19

tion rate. Each of the source term rate expressions is
explained below.

The particle collision kernel f for the bivariate NDF is
modeled using Fuchs kernel’™*' that allows the collision
regime to change based on local flow conditions. The kernel
itself is given by30’3 !

B,V a,d)=2n(d.+d.)(T+I")
d.+d.

-1
8(C+1") @1
de+d +2(g2+¢?)"? '

(2+c2)*(d.+d)

The different terms appearing in the above equation are
prescribed as follows. d,. is the effective collision diameter
and modeled as follows to fully consider irregularity of col-
liding particles:

de=dyn)/ ¥, d,=6v/a, n,=a’/(36m?), (22)

where the fractal dimension dy is assumed to be 2.5, similar

to our previous work.'® The particle diffusion I is defined as
_ kT [5+4Kn +6Kn?+18Kn*

3und, | 5—Kn+(8+n)Kn2 |’

(23)

where k; is the Boltzmann constant and g and T are fluid
viscosity and temperature, respectively. The particle Knudsen
number is evaluated using

Kn =24/d,. (24)

Here, /J; is th]e2 gas mean free path. In Eq. 21,
c= (Sk,,T/(nppv)) /2 is the thermal velocity based on particle
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volume and density. Also in Eq. 21, g is the averaged dis-
tance between two particles given by

gz[(dc+1)3—(d3+12)3/2} /Gdd)—d,,  1=8T/(nc). (25)
Sintering describes the surface transformation that alters an
aggregate of primary particles into an aggregate with fewer
primary particles by minimization of the surface area.’ In this
study, the point-of-contact (POC) model proposed Johannes-
sen et al.>* is used. As the name implies, the model assumes
single contact point among equal-sized spherical primary par-
ticles. In this model, the sintering rate is based on the number
of contact points, primary particle size, and corresponding
characteristic coalescence time. For a particle cluster with two
primary particles, the sintering rate is described by a
contacting-particle rate expression in the form of
S, = (excessive surface area)/(characteristic time).3’32 If more
than two primary particles are subject to coalescence, the rate
is dependent on the number of contact points as well and the
rate expression in general can be given as S, = (number of
contact points) X (excessive surface area)/(characteristic time).
Based on this argument, the sintering rate is modeled as

a—ay
¢ (dy;)
Sa(v,a,®)= (26)

0.41a
(n —1)(—”) if n, > 2,
! 1 (dp) !

where ay is the surface area of a perfect spherical particle
(i.e., minimum surface area for a single round particle with
volume v) and t/(d) is the characteristic sintering time of
two identical spherical particles with the diameter d. a, is
the surface area of a single primary particle. In the POC
model, these quantities are found ast13

a,=(36m*)', a,=36m?/d*, d;=(v/m)'? @7

T Esf1 1
1 (dp)=kod); 7, P (FA (T - T_()) ) ; (28)

where ko=1X10®(m™*) is a pre-exponential term at
To=1400 (K) and m=4 is an exponential power for two
identical contacting particles with size d,. Ej=1.5X
10°(J/mol ) is the activation energy™ and R is the gas con-
stant. The characteristic sintering time (Eq. 28) is strongly
dependent on temperature as well as the sizes of primary
particles. As shown in Figure 1, for 7> 500 K, the sintering
time increases approximately by order of 10°—10° when the
particle size increases only by an order of magnitude. Hence,
the sintering process is highly sensitive to the history of gas
phase temperature that a particle aggregate encounters in a
turbulent flame.

The bivariate NDF involves a six-dimensional transport
equation Eq. 19 and is not directly amenable for finite-vol-
ume/finite-difference based discretization. In the univariate
case, the quadrature method of moments (QMOM)
approach®® is often used. Here, a set of moments of the NDF
transport equation are solved. By representing the NDF in
terms of a finite number of dirac delta functions, the
moments solution are used to reconstruct the NDF. However,
this method is not directly applicable as the product-
difference algorithm used to obtain the weights and abscissas
is not extendible to multivariate NDFs. To overcome this
challenge, we use CQMOM proposed in.*> CQMOM is simi-
lar to QMOM in that it utilizes quadrature-approximated delta

if n, <2,
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Figure 1. Effect of primary particle size on characteris-
tic sintering time.

functions to model the NDF and uses the production-
difference algorithm to recover the weights and abscissas
information from selected NDF moments. The main idea of
CQMOM is to add a new internal coordinate, being condi-
tioned on a pre-existing internal coordinate. In the bivariate
case, the second coordinate «a is conditioned on the first coor-
dinate v. From this, NDF in CQMOM can be represented as

N, N,

Z W,'W,:,‘é(V_Vi)a(a_a’:i%

i=1 j=1

n(v,a; x,t)=ny(v)ny v (alv)=

(29

where N, and N, are the number of nodes in volume and areca
directions, respectively. w; and v; are the weight and abscissa
in the first internal coordinate (volume) and w;; and a;; are the
weight and abscissa of the second internal coordinate (area),
respectively. The first subscript 7 in w;; and a;; indicates the
J-th node of the second coordinate is conditioned on the i-th
node on the first coordinate. As in QMOM, these weights and
abscissas are determined using a select set of NDF moments.
In CQMOM, the general NDF moment m; with the k-th order
in volume and the /-th order in area is defined as

N,

(o0 o0 Nu
my = J J via'n(v, a)dvda=z Z wiw,jvfagj. (30)
0 Jo 1

i=1 j=

The NDF moments are obtained by solving the moment
transport equations. The filtered CQMOM moment transport
equations are found in a similar manner to that used for the
univariate QMOM moment transport equation.'® First, we
obtain the filtered transport equation for n by applying the
filtering operation.'> Similar to the QMOM case, this proce-
dure yields several unclosed terms:

on — -
5’; +V - (an)=V - (I'Vn)=V - (wn—un)+Juf (v, ao, €1, €2)
+J J Byv—=v' v, a—d',d)n(v—v',a—a)n(v,a)dv'dd

0Jo

_J J B,V a,a)n(v, a)"(V/,a’)dv’da/-yaS””.
o Oa
(31)

The unclosed terms are modeled similar to the QMOM
case.'” For example, identical closures used in Sung et al.'

DOI 10.1002/aic 463



nv,a)

Figure 2. An example of a CQMOM-approximated
bivariate particle size distribution n(v,a)
using three volume nodes (N, =3) and two
conditional area nodes (N,=2).

are used to close the subfilter NDF flux term and particle
diffusion term. Then the filtered moment transport equation
for my, is found by integrating the NDF equation over vol-
ume and surface area dimensions as

J Jvkaf X (Eq. 31)dvda (32)

by assuming negligible correlations and laminar closure. The
resulting filtered LES transport equation can be written as
follows:
O G . (i)=Y - (T+D,) Vi)
. K)=V - kil
or ’ (33)

+Ju+Bu—Du—Sau,
where

S _gvbap((1+e) ™ =(1=e) T )((1+e)" VA~ (1-6) 20
o 26, (k+ 1)1+ 1)(1+62) = (1=e) )

)

Na

N, N,
Zzzﬁ Vl7alj7vm7amn)‘/v Wz/wmwmn(v +Vm)k(aij+amn)17

Ny

0:1\
II
N =
gt

= = = =i s <k =1
‘ > dij, meanm)w iw /menm(‘ 1a1,+vmanm)7

S

“ il

ki

N I
_M3 i

l
22

N, N,
ZZ w7713,
(34)

As in QMOM, the source terms are closed using a laminar
chemistry assumption. Again, it is important to note that the
“filtered” weights and abscissas in the above equations (W, v,
and @) are computed from the filtered moments and therefore
they are not equivalent to the actual filtered weight and
abscissa. With the moment information known from Eq. 33,
the weights and abscissas are found by using the following
steps.®® The filtering notation is removed for brevity.

1. First, find the volume node weights and abscissas
w1, ...,wy, and vy, ...,vy,) from 2N, number of the
pure volume moments (moo, Mo, ..., Moy, —1),0) Via the
product-difference algorithm. This procedure is identi-
cal to that of the univariate QMOM case ).
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2. Once the volume nodes are found, the conditional area
node information can be determined by following the
substeps listed below
a. Using the CQMOM definition of my,

N, N,
:ZZ W,]Vlalj—Zwlv Aj, (35)
=1 j=1

construct a  linear  equation  system  for

A,-1=Z;V=“lwu aj, the [-th area moment for the i-th
volume node, and solve it for each
[=1,2,....,2N,—1. For example, for /=1 when
N, =3, following linear system is constructed with a
Vandermonde matrix:

nop 1 1 1 w1 AU
mip | =|vi v2 v3 w2 An
2 2 2
nyy vi V3 V3 w3 A31
-1

A11 l/Wl 1 1 1 mo1

= Ay | = 1/wy Vi V2o v mi
2 2 2
A31 1/W3 Vi V3 V3 myy

(36)

retrieve the conditional

. . N,
weights and abscissas (wj;, a;) from A;= E j:I w,-j-af-j

b. At each volume node i,

using the product-difference algorithm.

From the above procedure, it is clear that the goal of CQMOM
is to seek a QMOM-approximated area distribution
Wit, Wi, ...,w;; and aji,ap,...,a;) for each volume node
(w;, vi), which is computed ahead of time by using ordinary
QMOM. Consequently, the product-difference algorithm must
be applied at each volume node to determine the conditional
area nodes. As a result, in CQMOM, the total number of
moments required is only 2N, +N, (2N, —1), where 2N, is the
number of pure volume moments needed to find the volume
nodes (w;,v;), and N, (2N,—1) is the number of pure area and
mixed volume-area moments needed to find the conditional
area nodes (wjj,a;;). An example moment set required for a
case with N, =N, =3 is presented in Table 1. Compared to
the univariate case, the cost of bivariate expansion is equal to
N,(2N,—1) additional equations, which does not impose a
large cost since scalar transport equations are relatively inex-
pensive compared to momentum equations. Besides, CQMOM
takes advantage of QMOM routines such as the product-
difference algorithm and requires no additional modifications
for the bivariate case. In other words, CQMOM offers a very
attractive approach for a low-cost expansion to bivariate NDF
modeling as compared to the univariate QMOM.

In this study, three volume nodes (N, = 3) and one condi-
tional area node (N,=1) is used. This particular setup
requires a total of nine NDF moments, six for the pure vol-
ume moments (mgg, Mo, ..., Msp, which are the same for the
single variable QMOM case), and three for the area or
volume-area mixed moments (mg, 1, my;). Compared to
QMOM, only three additional equations are solved and
hence the computational cost increase is rather mild for the
accrued benefits of bivariate modeling.
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Table 1. An Example of the Required List of CQMOM
Moments for Bivariate NDF Modeling with N,= N, = 3%

Moo Moy Moz mMo3 Moy Mos

mio my miz my3 mig mis

mao my mao ma3 Moy mMas

mso ! ! ! ! !

M4 Ay App Az Ay Ais — {wyj,ay}
msq Az A Aoz Aoy Ass - {W2j7 a2j}
! Az Az Ass Asq Ass — {ws3j, a3}
{wi,a;i}

It is noted that although the PBE is filtered without using
density-weighting, the equation could be recast in terms of
density-weighted filtering (which will be similar in form to scalar
transport equations such as the precursor equation, Eq. 14). In the
numerical implementation, only the Favre-filtering form is used.

Addition of the sintering process poses a numerical diffi-
culty mainly due to the high sensitivity of the sintering rate
expression (Eq. 26) to the gas-phase conditions, especially
temperature. Numerically, this sensitivity increases the stift-
ness of the ODE solver, causing the solver to sometimes fail
due to the exceedingly small inner time-step used. Here, this
technical difficulty has been overcome by utilizing a new
operator-split ODE integration method (Mehta et al., submit-
ted). The basic idea behind this method is that the CQMOM
weights are not affected by surface reactions, or sintering
process (Eq. 26). In other words, only changes in surface
area or volume occur during these processes. In this method,
the ODE integration is divided into two parts. The first part
of the ODE handles the nucleation and aggregation events,
including the weights of the CQMOM discretization:

At
m(')*kﬁm:[ (Ju+By—Dy)dt, 37)
0
where At denotes LES time step and m)" denotes the
interim moment solutions for the first part of the ODE split
process. After the first integration, the weights (w; and wj)
are found using the product-difference algorithm.*® These
weights are then fixed in time for the second part of the
ODE integration.

In the second part, the sintering processes are considered.
During this process, only the area abscissas change, and
therefore, the second ODE integration is carried out in terms
of the abscissas instead of the moments. Now sintering leads
to changes in only the area abscissas (a;;), hence, an equation
to account for this change can be written as

At
—1+A -
a; ‘=—JO Sa(vi, a;j, ®)dr. (38)

The new solution of the abscissas then, together with the
weights (w; and w;;) found from the moments after the first
ODE integration, are used to find the updated final moment set:

Ny Na

m® =33 " wawy(v)* (a5 39)

=1 j=1
The final source term for Eq. 33 is then determined as

follows:

m®) y—my

Stgtal —
M At

(40)
where S}C‘;‘al is the sum of the all sources for my; in Eq. 33.
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Simulation of a Titania Flame-Synthesis
Experiment

The LES-CQMOM approach detailed in the previous sec-
tion is applied to an experimental burner used for generating
titania particles. Figure 3 provides a schematic representation
of the different solvers involved in the LES framework.
Below, details of the simulation configuration, the computa-
tional details, and the results are discussed.

Flame configuration

The CQMOM-LES model is demonstrated using the
Flame D configuration in Pratsinis et al.? for two different
air flow rates of 3800 mL/min and 5500 mL/min. The reac-
tor geometry as well as the flame configuration are shown in
Figure 4. The reactor consists of three concentric passages
with a main center nozzle and two annuli. The inner diame-
ter of the center nozzle is 4 mm while the width of two con-
centric annuli are 1 mm each. The wall thickness is 1 mm
for all the inflow nozzles. A mixture of CH,4, prevaporized
TiCly, and argon issues from the main jet and air issues
from the outer annulus. From the inner annulus, only mini-
mal amount of air is issued just enough to prevent particle
deposit in or near the passage. In the simulations, this is
enforced by flowing a small amount of air, which is 3%
mass of the air flow rate from the outer annulus. Since the
fuel and oxidizer are separated at the inlet, the flame oper-
ates in the nonpremixed combustion regime. The mixture
fraction is set to one for the fuel inlet and zero for all other
inlets. The flow rates of the different streams used in the
simulations are presented in Table 2.

Simulation setup and numerical methods

A low-Mach number, variable density LES formulation is
used here.’” The filtered flow equations are solved in the
cylindrical coordinate frame, with a domain length of 40D
and a radius of 15D, where D is the inner diameter of the
central jet. The domain is discretized using 192X96X32 grid
cells in the axial, radial, and azimuthal directions, respec-
tively. The momentum equation (Eq. 3) is solved using a
second-order, energy conserving scheme,”’ while the scalar
equations (Egs. 11, 14, 33) are solved using a fifth-order
weighted essentially nonoscillatory (WENO) scheme.*”-*®
CQMOM utilizes precisely the same six QMOM integer vol-
ume moments (g, ..., Msp) used in Sung et al.'” to describe
the NDF with the three volume nodes. Unlike QMOM, how-
ever, three additional volume-area mixed moments
(mgyy,my1,my;) are solved in order to recover conditional

LES flow solver t——> LES scalar solver

- Continuity u, j
- Momentum

L 73| e 1
Flamelet € Mixture fraction

- Thermochemlc&‘ﬂ ‘slule ﬁ-. D T
- Transport coefficients l
At F Precursor NDF moments
L concentration
U T A A
Stiff ODE solver Yp, kL | }

Sps Tkt By, Dyt Sa

Figure 3. A diagram showing the structure of the LES-
based computational solver.

DOI 10.1002/aic 465



Air  TiCls + CHs + Ar

\

A
(O
=
IIHIIHIIIIIIIIIIIIIIIIIIIIII
I,|,|,I||||IIIIIIIIII|I|I|

M
JHT
IIIIIIIIIIIIIIIIIIIIIIII
IIIIIIIIIIIIIIIIIIIIIIIII
[
T
i
IJN!IIIIIIII IIIIIIII
T

i

b

.;==—-,.--=,E

Figure 4. A schematic of the flame configuration used (left) and part of the grid system used (right) for the LES

computations.

Denotes the inner diameter of center jet (4 mm) and all walls are 1-mm thick. The background contour shown in the left figure is
the mixture fraction variable, which is defined to be 1 at the exit of the center nozzle and zero otherwise. Note that only 1 out of 3
computational grid cells are shown for the sake of clarity. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

area node information. The simulations were carried out
using MPI-based domain decomposition on 128-256 process-
ors. Statistical averages were computed after the flow
reaches stationarity. With 128 processors, the total computa-
tional time is roughly 6 days for each case. This corre-
sponded to 30 residence times based on the center-jet inflow
velocity and the length of the domain. The statistical aver-
ages were collected over the last seven residence times.
Additional tests using sampling windows were used to
ensure that the statistics have converged.

Results and Discussion
Flame characteristics

The cases studied here correspond to canonical nonpre-
mixed flames. This is clearly seen in the instantaneous plots
of temperature (Fig. 5) for the two cases. Case B is based on
a lower flow rate of oxidizer, which corresponds to a lower
velocity for the air stream. Consequently, the fuel jet under-
goes less shear-induced breakdown and exhibits a longer
core region. In both cases, the high temperature zone corre-
sponding to the flame front is located primarily near the stoi-
chiometric fuel composition (denoted by the dashed lines in
Fig. 5). At the end of the jet core, intense fuel-air mixing
leads to a closed flame. The flame length, defined by the jet
core length, is significantly different for the two cases, with
the lower air velocity leading to longer flames. Figure 5 also
shows the time-averaged temperature profiles for the two
cases. Although the air flow velocity changes the shape and
size of the high temperature region, the average temperature
in post jet-core region appears to be nearly the same for the
two cases.

The axial and radial profiles of the time-averaged tempera-
ture are further shown in Figures 6 and 7, respectively. The
time-averaged centerline temperatures (Fig. 6) indicate that
the fuel jet breakdown occurs at approximately x/D =6 for
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case A and x/D = 8 for case B. The increase in temperature
is due to the intense mixing at the edge of the jet core as
seen in the 2-D plots (Fig. 5). The radial profiles (Fig. 7)
show that the peak in temperature occurs in a narrow zone
at the interface of the fuel and air streams, which expands
through entrainment and turbulent diffusion as the jet moves
downstream. Further, it should be noted that the centerline
temperature, even for case B, reaches a value of approxi-
mately 500 K by x/D = 9. This aspect is important for under-
standing the nucleation process (discussed below). The
values and locations of the maximum centerline temperature
of the flame are marked in Figure 6. The LES computations
underpredict the maximum temperatures and the locations of
the peak temperature. However, it is seen that both flames
break down essentially at similar lengths. The difference
with experiments suggests that in the experiments the flames
breakdown slower, indicating a reduced turbulence intensity
in the jet at exit. It is known that minor variations in the
inflow mean velocity profile or turbulence intensity could
significantly alter the quantitative features of the flame in
any LES computation.10 Note that the LES computations still
predict the qualitative trends in terms of flame length
correctly.

Nanoparticle evolution

The first step toward nanoparticle creation is the oxidation
of the titanium tetrachloride precursor. This multistep

Table 2. Flow Rates Used for LES Computation

Case A Case B
CHy4 312 mL/min 312 mL/min
TiCl, 5.8% 10" *mol/min 5.8X10"*mol/min
Ar 250 mL/min 250 mL/min
Air 5500 mL/min 3800 mL/min

The flame configuration is corresponding to Flame D setup in Pratsinis et al.”’
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The dotted lines indicate the stoichiometric mixture composition. [Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

process, described here using a detailed chemical kinetic
mechanism,'? is highly temperature sensitive. Figure 8 shows
the instantaneous precursor concentration for the two cases
studied here, along with the stoichiometric surface (dashed
lines). It is seen that precursor oxidation occurs away from
the stoichiometric surface, in the fuel-rich part of the jet.
Note that temperatures higher than 400 K lead to significant
nucleation. In both cases, the precursor is consumed long
before the jet core breaks down. Figure 9 shows the time
averaged number density (mgg) fields from the two cases. It
is seen that the highest number density occurs at the outer
edge of the high-concentration precursor zone (Fig. 8) and is
not significantly different quantitatively for both cases. The
particle number density is highest only in these regions in
the entire domain. This indicates that nucleation is confined
to the rich mixture by the flamelet-based oxidation model,
and that other processes such as agglomeration become
active subsequently to reduce the number density.

The evolution of the nanoparticles is controlled by nuclea-
tion, agglomeration, and sintering. The collision-based aggre-
gation model depends on the square of the number density
(By and Dy, in Eq. 34), and is most active in regions of high
number density. Therefore, intensive aggregation is observed
very close to the nucleation region (Fig. 9), where elevated
temperatures further accelerate the collision process. As a
result, particle aggregates with large surface area and rela-
tively small volume are formed from the small nucleated
particles. Figure 10 shows plots of the instantaneous condi-
tional area abscissas for case A. High surface area is promi-
nent near the burner exit where nucleated particles are
aggregated in the high temperature zone. The surface area
decreases as the flow moves downstream due to sintering
effect. Figure 11 presents the volume abscissas plots corre-
sponding to Figure 10. It is noted that particles with small
volumes are formed in the near field where the particle sur-
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face area is high. The particle volume abscissas then stay
relatively uniform further downstream. This behavior indi-
cates that nucleation followed by aggregation is the main
mechanism behind particle evolution in the near-field of the
flame configuration. The abscissa behaviors are summed up
in Figure 12, which shows time-averaged area and volume
abscissa profiles as well as number density of each abscissa
node along the centerline. The first abscissa node, which rep-
resents the smallest size, is associated with the largest weight
or number density, indicating that this abscissa is dominant
in determining the evolution of the nanoparticles. Similar
behavior is observed for case B and is not shown here.
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Figure 6. Mean temperature profiles along the center

line.

Peak temperature values and locations measured in the
experiment”® are marked as a square symbol (case A)
and a triangle (case B).
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Figure 7. Mean temperature profiles in radial direction for (left) case A and case B (right) at select axial locations.

Since both particle volume and surface area information is
available from the CQMOM representation, the particle
aggregate structure can be studied. Using the number density
(mgo), the average particle volume (mjo/mgy) and surface
area (mo; /mgp) is calculated. Here mjy and myg, are the total
particle volume and surface area in a unit volume of gas,
respectively. mjo and mg; can also be used to find the aver-
age primary particle size'?

_ 6m10

D =—"
p :
moi

(41)

Based on the average primary size, we can also find out
the number of primary particles in the aggregates by assum-
ing that the average particle volume consists of the sum of
N, primary particles with diameter D,,. The resulting
expression is given by

TiCl, (mol/m®) I

0 02040608 1
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Figure 8. Instantaneous contour plots of the precursor

468

concentration for (left) case A and (right)
case B.

The dashed lines indicate stoichiometric mixture compo-
sition. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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Figure 13 shows the instantaneous fields and time-

averaged centerline profiles of the size and number of pri-
mary nanoparticles for case A. The number of primary par-
ticles are highest close to the edge of the jet core, where
nucleation rates are high and the temperature is elevated.
This result is consistent with the conditional area abscissas
shown in Figure 10. Due to intense aggregation, a large
number of small primary particles are contained in the
aggregates. As these aggregates move downstream, sintering
increases the size of the primary particles. It is also seen that
the size of the primary particles does not change signifi-
cantly past the jet breakdown region, which is primarily
due to reduction in sintering rates at lower temperatures (see
Fig. 1).

In the time-averaged centerline profiles (Fig. 13), it is
seen very clearly that aggregation initially increases the

1E+09 1E+13 1E+17 1E+21

<My> (#/m*)

10 5 .PD 5 10
I
Figure 9. Mean contour plots of the particle number
density Moo-

The dashed lines indicate stoichiometric mixture compo-
sition. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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number of primary particles, but the high temperature region
leads to a sintering-dominated increase in primary particle
size. Here, the number of primary particles decreases. Fur-
ther downstream, where sintering is less important due to
reduced gas phase temperatures, it is found that aggregation
is slightly higher than sintering itself leading to a slow
increase of the number of primary particles. Figure 14 com-
pares the magnitude of aggregation and sintering sources act-
ing on the lowest-order moments, which are number density
(mgo) and area (mg;) moment, respectively. The sources are
divided by the associated moments to compare relative
importance. It is seen that both sources decrease drastically
past the main flame region, but the sintering rates drop faster
than the aggregation rate. This is mainly due to the fact the
particles are nearly spherical at this point in spite of large
primary particle sizes. Note that both source terms plotted in
Figure 14 work as sinks that lower the particular moments,

E | T

0.0E+00 1.0E+05 2.0E+05 3.0E+05

E | T

0.0E+00 1.0E+07 2.0E+07 3.0E+07

although volume and conditional area abscissas increase
from the aggregation process.

Using the CQMOM information, the increase in particle
size is studied using the ratio of LES-filter scale volume con-
centration and the monomer volume (v,) or area concentra-
tion and the monomer surface area (ag), normalized by the
number density. The time-averaged profiles of this quantity
are shown in Figure 15 for the two cases. This quantity pro-
vides a measure of the growth of the nanoparticle volume.
Without surface growth and using constant fractal dimension,
the increase in volume is solely driven by aggregation. The
time-averaged profiles show significant growth in the near-
field for the faster air-stream case (case A), while the par-
ticles of the slower air-stream case eventually grow into
larger area and volume than those of the faster jet. Due to
longer flame in case B, particles reside longer in the colder
area where aggregation occurs more and particles could
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Figure 11. Instantaneous contour plots of the volume abscissas for case A.
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 12. Time-averaged profiles of the (left) area and (middle) volume abscissas as well as (right) number density
of three abscissa nodes of case A, along the centerline.

become larger. These results are consistent with the reduc-
tion in number density due to aggregation at the outer edge
of the jet core. It is also seen that case A reaches its peak
normalized volume concentration further upstream compared
to case B.

Figure 15 also shows the surface area concentration nor-
malized by the monomer surface area and filter-level surface
density for both cases. Without surface growth, only sinter-
ing changes the conditional area node location in the
CQMOM representation. However, sintering itself is strongly
dependent on gas phase temperature and the size of the
nanoparticles (see Fig. 1), thereby linking the area moment
evolution to the volume moments and the gas phase compo-
sition. Indirectly, aggregation also plays an important role in
sintering since the time scale for sintering (Eq. 28) is deter-
mined by the particle diameter. This interaction is important
since aggregation and sintering have opposing effects on the
total surface area concentration. Consequently, even in the
presence of sintering, the local surface area concentration
could increase due to dominant aggregation process (Fig.
14). This trend is seen in Figure 15, where a significant
increase in surface area concentration is observed in the
near-field. This is due to the dominant effect of aggregation
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with sintering effect not yet comparable to that of aggrega-
tion. However, after this point, the total surface area concen-
tration suddenly decreases due to persistent sintering
processes. Similarly, after x/D =18, area concentration
slowly increases because once again, aggregation rate is
higher than sintering in the downstream.

Specific surface area (SSA) from experiments and
simulations

The SSA is a quantitative measure of primary particle
size. In CQMOM presentation, the SSA is modeled as

moy

SSA = (43)

b
Prio,M10

where pry, is the bulk density of solid TiO,. In the experi-
ment, particles are collected at x/D =30 using a filter and
used to obtain the SSA of the particulate population. To
emulate this process, radially and azimuthally averaged SSA
and primary particle size are computed from the simulations.
Table 3 shows the comparison between simulations and
experiments. In the simulations, case B shows larger primary
particle size and lower SSA than case A. As discussed
above, this is due to the longer flame length in case B.
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Figure 13. Instantaneous contour plots of the average (left) size and (middle) number of primary particles for

case A.

Time-averaged Npp (solid line) and Dpp (dash-dot) profiles along the centerline are provided on the right. [Color figure can be
viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 14. Time-averaged aggregation (solid line) and
sintering (dash-dot line) source terms along
the centerline.

With the sintering process considered, the CQMOM-based
bivariate model exhibits significantly improved prediction
for the SSA over the QMOM-based univariate model.” For
example in the case B, SSA is improved vastly from
129 m?/g'° to 21.5 m*/g here, which is reasonably close to
that found in the experiment (15 mz/g). The use of both a
sintering model and a bivariate description leads to this
improvement. It should also be noted that in the CQMOM
approach, the particle surface area can be directly obtained
from the bivariate formulation, while in the QMOM
approach, this information has to be inferred from the vol-
ume nodes. The assumptions used therein could also contrib-
ute to errors in the QMOM-based surface area reported here.
However, the primary particle size is considerably underpre-
dicted by the bivariate model. These differences could be
related to the differences in the flame length or the level of
turbulence at the inflow. Without additional experimental
data, it is not possible to determine the source of this
discrepancy.

Conclusions

In this study, the LES-CQMOM approach for modeling
flame synthesis in high-temperature flames was developed.
This new approach accounts for the volumetric growth
through aggregation and surface changes through sintering,

E 1 =N

0 1E+06 2E+06 3E+06

<m,/(MyVv,)> <m,,/(mg,a,)>

0

Table 3. Comparison of LES Results of Primary Particle
Diameter and SSA Against the Experimental Data?

LES Experiment
Primary particle diameter Case A 533 (not reported)
(nm) Case B 66.0 100 ~105
SSA Case A 26.6 ~15
(m?/g) Case B 21.5 ~15

in addition to incorporation detailed kinetic models for gas
phase combustion and precursor oxidation. The nanoparticle
NDF was described using the CQMOM approach with three
volume nodes and one area node for each of the volume
nodes. The stiffness in the sintering source terms were
handled using a fractional time-stepping procedure along
with semi-implicit ODE solvers. This LES-CQMOM frame-
work provides a comprehensive mathematical formulation
for handling particulate evolution in such hydrocarbon-based
flames.

The LES-CQMOM approach was then used to simulate
flame synthesis in a methane-air flame with titanium tetra-
chloride as the precursor. Simulation results indicate that
precursor oxidation occurs on the rich side of the fuel jet,
leading to very high particle number density in this region.
The effect of aggregation is dominant in this region, causing
the number density to decrease as the particles move away
through convection. Simultaneously, the surface area was
found to increase. Further downstream, the average tempera-
ture in the flow is around 1200 K, where sintering rates are
sufficiently high and cause a drastic reduction in the surface
area of the particles. Overall, it appears that the different
particle evolution processes are spatially separated. The use
of the low-speed air stream causes the flame to be longer,
and the nanoparticles have to travel further downstream
before reaching the maximum volume concentration. These
features indicate that the nanoparticle evolution could be pre-
cisely controlled by altering the flow rates of the streams.
Comparisons with experimental data show that the LES-
CQMOM approach overpredicts SSA while underpredicting
primary particle size. This is attributed to the discrepancy
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The nucleus volume and surface area are vy=0.166nm> and a,=1.46nm 2, respectively, leading to a diameter of 0.682nm. Cen-
terline profiles of case A are provided on the right. [Color figure can be viewed in the online issue, which is available at
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found in the flame length and the lack of appropriate inflow
conditions from the experimental study. It is inferred that the
experimental jet is far less turbulent than simulated jet,
which will lead to a longer flame. More detailed experimen-
tal data will significantly aid validation.
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